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Let D(x) be the symmetry probability distribution on Z9.
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Let D(x) be the symmetry probability distribution on Z9.

I. Random Walk (RW)
the two point function of RW from the origin o to x by
O5W(x) = o.x and, for n > 1,

o (x) = D*"(x)
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Let D(x) be the symmetry probability distribution on Z9.
I. Random Walk (RW)

the two point function of RW from the origin o to x by
cpgw(x) = dox and, for n > 1,

en (x) = D*"(x ZHD — wi-1),

wEW,(x) i=1

where W, (x) be the set of {wy, ..., w,} with wyp = 0 and w, = x.
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Let D(x) be the symmetry probability distribution on Z9.
I. Random Walk (RW)

the two point function of RW from the origin o to x by
cpgw(x) = dox and, for n > 1,

en (x) = D*"(x) ZHD — wi-1),

wEW,(x) i=1

where W, (x) be the set of {wy, ..., w,} with wyp = 0 and w, = x.
[I. Self-avoiding Walk (SAW)

the two point function of SAW on Z9 from the origin o to x by
wo(x) = 0o x and, for n > 1,

= > HD wi—wi1) [ (1= 0ww).

WEW,(x) iI= 0<i<j<n
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The primary models in this talk are defined as follows:
1. Finite-range model

(a) Nearest-neighbor model:

1 .
D(x) 5 If |x|=1,
0 others.
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The primary models in this talk are defined as follows:
1. Finite-range model
(a) Nearest-neighbor model:

D(x):{ld if x| =1,

2
0 others.
(b) Spread-out model: if L € N fixed s.t.

D) — MO/

>y hly/L)’

where h € (0,00) is symmetric with compact support. (e.q.
h(x) = 1x<1)
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The primary models in this talk are defined as follows:
1. Finite-range model
(a) Nearest-neighbor model:

D(x):{ld it |x| =1,

2
0 others.
(b) Spread-out model: if L € N fixed s.t.

D) — MO/

>y hly/L)’

where h € (0,00) is symmetric with compact support. (e.q.
h(x) = 1x<1)

2. Long-range spread-out model with order a:: D(x) = |x| =9~
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The primary models in this talk are defined as follows:
1. Finite-range model
(a) Nearest-neighbor model:

D(x):{ld if x| =1,

2
0 others.
(b) Spread-out model: if L € N fixed s.t.

b/l
PO = & hiy /iy

where h € (0,00) is symmetric with compact support. (e.q.
h(x) = 1jq<1)
2. Long-range spread-out model with order a:: D(x) = |x| =9~
(A)

x/L|~4
Yyezs ly/LI79m

D(x) =
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(B) Let ¢(s) = > ;2 t~* be the Riemann-zeta function and

tflfa/2
To(t) = A ta/) (teN).
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(B) Let ¢(s) = > ;2 t~* be the Riemann-zeta function and

tflfa/2
To(t) = ———, t € N).
Next, let h > 0 be bounded function, piecewise continuous,
symmetric and supported in [—1, l]d. then, for large L, we define

_ h(x/L) «c7d
)=y ez
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(B) Let ¢(s) = > ;2 t~* be the Riemann-zeta function and

tflfa/2
To(t) = A ta/) (teN).

Next, let h > 0 be bounded function, piecewise continuous,

symmetric and supported in [—1, l]d. then, for large L, we define

_ h(x/L) «c7d
)=y ez

Combining these distributions, we define the compound-zeta
distribution as follows

D(x) = Y Uf*(x) Ta(t).

teN
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Let

Go(x) = D ealx)p", P < pe,
n=0
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Let

Go(x) = D ealx)p", P < pe,
n=0

Xp = ZGP(X), p < pe, (Susceptibility)

x€zZ4
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Let

Gp(X) = Z(p”(x)pn7 1% < Pc,
n=0

Xp = Z Gp(x), p<pc, (Susceptibility)
x€Zd
(n) = > _xezd |X]"pn(x)
O = (557000

1
)’. (Gyration radius)
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Let

Go(x) = D ealx)p", P < pe,
n=0

Xp = Z Gp(x), p<pc, (Susceptibility)
x€Zd
(n) = > _xezd |X]"pn(x)
O = (557000

1
)’. (Gyration radius)

For finite-range model, it is believe that there are critical
exponents v, v and 7 such that

1 — y
GecX) |x[d=2+m” Xp Xptp. (e —p) 77, £¥(n) ~ n”.
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Question: What is the value of v, v and 7?
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Question: What is the value of v, v and 7?
The exponents v,  and v are predicted to be Fisher's relation as
follows:

v=(2—mn)v for finite-range model.
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Question: What is the value of v, v and 7?
The exponents v,  and v are predicted to be Fisher's relation as
follows:

v=(2—mn)v for finite-range model.

There is an upper critical dimension d. (depending on the model)
such that 7, v, v are the same as them of corresponding RW
model (mean-field behavior) when d > d..
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Question: What is the value of v, v and 7?
The exponents v,  and v are predicted to be Fisher's relation as
follows:

= (2 —n)v for finite-range model.

There is an upper critical dimension d. (depending on the model)
such that 7, v, v are the same as them of corresponding RW
model (mean-field behavior) when d > d..

Note that forfinite-range model d. = 4 and for d > 3

1 _ 1
O Y L R e O
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Theorem ( Aizemann and Newmann (1984))
Suppose

Sup G*2 Z Gc X)G c( ) oo’

XEZ yezd
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Theorem ( Aizemann and Newmann (1984))
Suppose

Sup G*2 Z Gc X)Gc ) 7
XEL
yez?
we havevzlandy:%.
Theorem (Brydeges and Spencer (1985)) For nearest-neighbor
weakly self-avoiding walk on Z9 with d > 4, we have v = 1 and

=1
v=3.

Lung-Chi Chen Critical two-point function for long-range self-avoiding walks



Theorem ( Aizemann and Newmann (1984))
Suppose

Sup G*2 Z Gc X)Gc ) 7

XEZ yezd

wehavevzlandy:%.

Theorem (Brydeges and Spencer (1985)) For nearest-neighbor

weakly self-avoiding walk on Z9 with d > 4, we have v = 1 and
1
vV = 5-

Theorem (Slade (1987)) For nearest-neighbor model on Z9

with d very large or spread-out model on Z¢ with d > 4 and L

very large , we have y =1 and v = %
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Theorem ( Aizemann and Newmann (1984))
Suppose

up G2() = 3 Gpu ()G ) < o0,
XEZL yezd
we havevzlandy:%.
Theorem (Brydeges and Spencer (1985)) For nearest-neighbor
weakly self-avoiding walk on Z9 with d > 4, we have v = 1 and
v=1=1
Thegrem (Slade (1987)) For nearest-neighbor model on Z9
with d very large or spread-out model on Z¢ with d > 4 and L
very large , we have y =1 and v = %
Theorem (Hara and Slade (1992)) For nearest-neighbor

self-avoiding walk on Z9 with d > 4, we have y =1 and v = %
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Theorem ( Heydenreich, Hofstad and Sakai (2008)) For

long-range spread-out model of model (A) on Z9 with
d>2(aA2)and L > 1, we have v = 1.
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Theorem ( Heydenreich, Hofstad and Sakai (2008)) For
long-range spread-out model of model (A) on Z9 with
d>2(aA2)and L > 1, we have v = 1.

Theorem (Chen and Sakai (2011)) For long-range spread-out
model of model (A) on Z9¢ with d > 2(a A 2) and L > 1, we have

1

V() m 472 1 (a # 2), L
&7n) {(nlogﬁ)z (o =2). (

for any r € (0, ).

e for av # 2)

Lung-Chi Chen Critical two-point function for long-range self-avoiding walks



Theorem ( Heydenreich, Hofstad and Sakai (2008)) For
long-range spread-out model of model (A) on Z9 with
d>2(aA2)and L > 1, we have v = 1.

Theorem (Chen and Sakai (2011)) For long-range spread-out
model of model (A) on Z9¢ with d > 2(a A 2) and L > 1, we have

5(')(n) - {na/\Q (a # 2), (v —

e for av # 2)

(nlog/n)? (o =2).

for any r € (0, ).
Modify Fisher's relation for long-range model with o # 2 as
follows:

7= (aN2—n)r.
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For nearest neighbor model with d > 4: sincey =1, v =1/2itis
predicted n = 0.

Lung-Chi Chen Critical two-point function for long-range self-avoiding walks



For nearest neighbor model with d > 4: sincey =1, v =1/2itis
predicted n = 0.

For long-range spread-out model with o # 2 and d > 2(a A 2):
since v =1, v =1/(a A2) it is predicted n = 0.
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For nearest neighbor model with d > 4: sincey =1, v =1/2itis
predicted n = 0.

For long-range spread-out model with o # 2 and d > 2(a A 2):
since v =1, v =1/(a A2) it is predicted n = 0.

Theorem (Hofstad, Hara, Slade (2003), Hara (2009)) For
nearest-neighbor model and d > 4, then

ad
G ~ —_—
Pc(X) [x]—o0 pCO'2|X|d727
where o
ag = %) 02 = g 1x|2D(x).
o2rd/2
xezd
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For nearest neighbor model with d > 4: sincey =1, v =1/2itis
predicted n = 0.

For long-range spread-out model with o # 2 and d > 2(a A 2):
since v =1, v =1/(a A2) it is predicted n = 0.

Theorem (Hofstad, Hara, Slade (2003), Hara (2009)) For
nearest-neighbor model and d > 4, then

ad
peo2|x|d-2’

_r(%) 2_2’ ‘2D()
ad = 2rdj2 0" = X X).

xezZd

GPC(X) N|X‘~>oo

where

Assumptions
(1) D(x) = (|x| v L)_d_o‘ for a > 0,

Sk an o {1 O(LIKY) (o #2)
(2)1 = D(k) = va|K|*"? {logL|k|+O(1) (a=2)
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o O(L~9)n~ s, a2,
D™ < M
B { O(L=%)(nlogn)~2, a=2,

<1- k € d
7 [ ™, Tr]l c (0’1),
lklloe = L
La/\z)n 1 a#2
D*n < X ’ )
WO = v e {Iog(]x] V0, -2

(5) ‘D*H(X) . D*n(X+y)J2rD*n(X.V)‘
o()(ly| v L)***n |1, a#2,
= (Ix| v L)dranat2 log(|x| V L), a=2

for all |y| < %\x\
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Note that for long-range model (A) on Z9, we can show that D
satisfies Assumption (1),(2),(3) and (4).
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Note that for long-range model (A) on Z9, we can show that D
satisfies Assumption (1),(2),(3) and (4).

For long-range model (B) on Z9, we can show that D satisfies
Assumption (1), (2), (3), (4) and (5). (Chen and Sakai (2015))
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Note that for long-range model (A) on Z9, we can show that D
satisfies Assumption (1),(2),(3) and (4).

For long-range model (B) on Z9, we can show that D satisfies
Assumption (1), (2), (3), (4) and (5). (Chen and Sakai (2015))
Theorem ( Chen and Sakai, 2015) Under the assumption (1)-(5)
on D, fora #2, L > and d > 2(a A 2), we have

72
Gpe (X) ~|x|=o0 pevalx|daR2

where
r( df2a/\2)

Yo = .
a 204/\27-[-d/2r(0£T/\2)
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Corollary Under the assumption (1)-(4) on D, for long-range
spread-out RW with o # 2 and any L > 1 and d > (A 2), we
obtain

RW Yo
G (x) ~|x|—00 W7

where e ono
r(=5~%)

Yo = .
20A2d/2 F(O‘T/Q)
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Theorem ( Chen and Sakai, 2017) For long-range spread-out
model (B) with &« =2, L > and d > 4, then

-1

Apes vo|x|92log x|

Gp.(x) ~|x|—so0

Corollary Under the assumption (1)-(4) on D with & =2, L > and
d > 2, we obtain

-1

GRW
479/2vy|x|9-2 log |x|’

1 (X) ~ x| =00
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Intuition: Gp_(x) ~ GFW(x).
First we want to know G (x) =7
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T ~ CRW
Intuition: Gp.(x) = G{*(x).
First we want to know G (x) =7
Using the inverse formula

d » .
G = lim Gy(x) = | G (k)e
P = lim G0 = tim [ R (e
and
N > . 1
GY(k)y=> Dk)"p"= —F——
’ n;, 1 - D(k)p

By monotone convergence theorem, we obtain

ddk e*lk-X
G (x) = / — .
1 (X) [—7r,7r]d (27T)d 1— D(k)
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Using the following formula

1 _ 1 > QN2 24 f
m—@ t 2 e dt oranyr>0,

A

with r = (1 — D(k))ﬁ, for any d > o A 2 we have

G (x)
e a2 ddk A 2 i
= ——5< dtt 2 — =" o~ (=D(k))arzt—ik-x
r<“§2>/ 2 /[] (27 ©
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Using the following formula

1 _ 1 < QN2 24 f
m—@ t 2 e dt oranyr>0,

A

with r = (1 — D(k))ﬁ, for any d > o A 2 we have

G (x)
_ /Oodt O / d?k o—(1=D(K)) 32 t—ikex
r(aT/\2) [-m,7]d (27r)d
By Assumption (4):
L*2n 1 a#2
D*"(x) ~ ——m X { ’
B [ajaare {|og|x|, a=2
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we can obtain

1 o0 an2 d9% A2
RW ~ - and_ —(1—D(k))anrz t—ik-x
G (x) I'(CN)/O dt t 2 /Rd 2ny e .
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we can obtain

1 S d?k AN 225 i
RW ass 1 —(1—-D(k)) an2 t—ik-x
2

By Assumption (2) v, > 0 such that

1+ O((LIK))  (a#2),

1 — D(k) = va|k|*"? x
(k) 1K {Ionglk'+O(1) (a=2),
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we can obtain
1 o0 cx/\2 ddk Pl _2_ .
GRW x)  ~ / dt t —1/ e—(l—D(k))a/\zt_,k.X.
) r(252) Jo wo (2m)9
By Assumption (2) Jv, > 0 such that

1+ O((LIKl)Y) (a#2),

1 — D(k) = va|k|*"? x
(k) 1K {Ionglk'+O(1) (a=2),

we have
G (x)
1 af2_q d9%  _—tvo 2A2\k\2—lk-x
oo 4 T 0 AT S e e L (a#2),
X|Too 1 .
Je dt fRd ddk o tvalkl* log( ) - :k.x7 (a =2).
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Therefore

e (o #2) r(4=g12)
5 |'Ya where 7, = an2 d/g an2y’
WIx[T-2log x|’ a=2), 29Nem I'(T)

GfM(x) ~
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Therefore

Yo d—an2
G (x) ~ Vax|d=an2? (a72) where 7y, = M(=")
1 Yo o — o= Danzgd/er(anz)’
va|x|9=2log |x|’ ’ 2

In particular, for a« = 2 case

c 2
sup Z Gpe (x=y)Gp.(¥) S Z (W) <oo ford =4
e 2 M2 iog
YEZL YEL
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Therefore

Yo d—an2
GRW(X) ~ Valx|d*04A27 (OZ # 2) where /y _ r( 2 )
1 Ya a = * 7 gan2gd/ar(an2y’
va|x|9=2log |x|’ ’ 2

In particular, for a« = 2 case

c 2
sup Z Gpe (x=y)Gp.(¥) S Z (W) <oo ford =4
e 2 M2 iog
YEZL YEL

For mathematical proof, we need "lace expansion” and
"bootstrapping argument”. To use lace expansion we need
assumption (5) as follows

pr D*(x 4 y) + D*(x — y)
D*" —
(5) () 3
(IylvLe2n 1, a0 #2,
= (x[ v DT+ 22 ™ \iog(|x| v L), a =2,
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However " bootstrapping argument” doesn't work using assumption
(4) and (5) for all dimensions if &« = 2. We need sharper estimate
by model (B) for o = 2 as follows:

1 g __ Uxlvey?
—)fe 2L2n|og(\x\\/L),
L?nlog(|x| v L)
_D"(x+y)+ D"(x —y)

2

(4) D*"(x) < O(1)(

(5" |D*"(x)

g ——Uxv?>
é O(l)(’y| V L)2(W)2+le 202 nlog(|x|VL)

for all |y| < %|x|.
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Thank You

ical two-point fun:



